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Abstract: The nonlinear oscillations of hair bundles of auditory hair cell are important for sound perception. Memristors, as 

electronic components highly similar to the behavior of neurons and synapses, show potential in neuromodulation. The 

present paper, for the first time, introduces memristors into the regulation of hair bundle mechanical vibrations, constructs a 

dynamical model with memristor coupling, and investigates the regulatory dynamics of coupling strength (γ) on oscillation 

modes through simulation and bifurcation analysis. The results show that as γ increases, the hair bundle oscillation patterns 

exhibit a variety of complex patterns, including different types of spiking, bursting, and chaos. Bifurcation analysis and 

Lyapunov exponents validate the dynamic process of mode transitions, indicating that memristors influence oscillation 

patterns by regulating the adaptation force of hair bundle. Moreover, bifurcation analysis in the two-parameter plane indicates 

that increasing γ can expand the oscillation region of the hair bundle, but excessive coupling can suppress oscillations. Under 

specific parameter combinations, the system exhibits insensitivity to memristor regulation, reflecting the robustness of the 

auditory system. This study provides a theoretical basis for understanding the nonlinear characteristics of auditory function 

and developing novel neuromodulation technologies. 
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1  Introduction 

The auditory system achieves sound perception in complex environments through unique 

physiological structures, such as detecting faint sounds in quiet or perceiving specific sounds in noise[1]. 

The realization of these important auditory functions relies on the nonlinear oscillations of hair bundles of 

hair cell[2,3]. The mechanical oscillations of sound signals, once captured by the hair bundles, influence the 

opening and closing of the mechanoelectrical transduction (MET) ion channels in the hair bundles[4]. This 

process converts mechanical signals into electrical signals, which are then transmitted to the brain via the 

auditory nerve to form auditory perception. Numerous experimental studies have demonstrated that hair 

bundles exhibit a variety of complex dynamical behaviors related to auditory functions. For example, 

multimodal spontaneous oscillations associated with sound amplification functions[5–7], and “twitch” forced 

oscillations of hair bundles in quiescent state related to adaption functions[8,9]. In particular, recent studies 

have found that the efferent system can regulate the dynamics of hair cell bundles through the efferent 

auditory nerve, thereby modulating their sensitivity to external mechanical stimuli[10,11]. These complex 

nonlinear experimental phenomena can be well explained through dynamical analysis methods such as 

bifurcation, chaos, and vector fields, which provide the possibility for us to understand and utilize auditory 

functions[12–14]. More importantly, it has inspired the idea that auditory sensitivity can be regulated through 

neuromodulation, which can be used to enhance auditory function, treat hearing disorders, and improve the 
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design of cochlear implants. 

Neuromodulation is one of the most promising approaches for treating neurological and brain 

disorders, encompassing a variety of methods such as optogenetics, electrical stimulation, magnetic 

stimulation, and ultrasound[15]. Memristors are an important tool for implementing neuromodulation[16]. 

The memristor is the fourth fundamental circuit element that describes the relationship between charge and 

magnetic flux, first proposed by Chua[17]. In recent years, due to its high similarity to biological neurons 

and synapses, the memristor has often been used to simulate synapses[18,19]. The memristor couples with 

neurons through electromagnetic induction effects and regulates their electrical activity by influencing the 

membrane potential of neurons via applied electromagnetic induction currents[20,21]. Although the 

memristor has been extensively studied in simulating neuronal electrical activity[22–25], its application in 

neuromodulation, regulation of nervous system functions, or treatment of diseases remains to be further 

explored. This is especially true for the auditory system, which involves the coupling of neuronal electrical 

activity and the mechanical motion of hair cells[26–28], making the problem more challenging. 

In the present paper, for the first time, applies memristors to regulate the mechanical oscillations of 

auditory hair cell bundles. By utilizing the electromagnetic induction effect of memristors, the adaptation 

force for the opening and closing of the MET channels in hair cells is regulated, which in turn modulates 

the mechanical oscillations of the hair bundles, with the expectation of regulating auditory function. A 

dynamical model of hair bundle regulation by memristors has been constructed to investigate the impact of 

different coupling strengths on mechanical oscillation patterns. Bifurcation analysis was employed to 

obtain the transition dynamics of oscillation pattern, laying the foundation for utilizing memristors to 

regulate auditory function and treat auditory disorders. 

2  Model and method 

The schematic diagram of the mechanical oscillations of hair bundles of hair cell regulated by the 

memristor is shown in Fig. 1. The theoretical model is constructed as follows: 
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Equations (1.1) and (1.2) represent the classical model of hair bundle mechanical oscillations[9]. where 

X and Xa is the displacement of the hair bundle and the myosin motor, respectively. P0 is the opening 

probability of MET channel shown as follow: 
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Fig. 1 The schematic diagram of the mechanical movement of hair bundles of hair cell regulated by memristor 

A is related to the open probability of MET channel when the gating spring is severed, shown as follow: 

2
exp([10 / 2 ] / ( ))

b GS b
A k T K D N k T= +（ ）（ ）        (3) 

Fa is the force associated with biological adaptation. Without the regulation of memristor, Fa is shown as 

follow: 

max 0
(1 )

a
F F SP= −            (4) 

Equation (1.3) represents the magnetic flux across the MET channel. The flux has a time-varying 

characteristic and affects the ion concentration entering and exiting the MET channel through 

electromagnetic induction, thereby influencing Fa. After regulation by the memristor, the expression for Fa 

becomes: 

max 0
(1 ) ( )

a
F F SP W = − +          (5) 

Where γ is the coupling strength of memristor regulation on the mechanical behavior of hair bundles, W(φ) 

is the magnetic flux-controlled memristor, consistent with previous studies[21,29,30]. 

2
( ) 3W   = +            (6) 

D is the “gating swing” which affects the function of P0 to affect the strength of calcium ion regulation 

and S is the strength of calcium ion feedback, which is closely related to extracellular calcium ion 

concentration. These two parameters are related to the regulation of mechanical movement and are the key 

parameters in the present paper. The values and meanings of the remaining parameters are shown in Table 

1. 

The model equations are numerically integrated using the fourth-order Runge-Kutta method, with a 

time step of 0.01 ms. Bifurcation analysis is generated using the software XPPAUTO[31]. 
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Table 1 The values and meanings of parameters for the model 

Parameters Magnitude Meaning 

λ 0.28 μNs/m The damping coefficient of hair bundles 

λa 10 μNs/m The damping coefficient of myosin motor 

KGS 0.75 mN/m The stiffness of gating spring 

KSP 1 mN/m The stiffness of hair bundle 

KES 0.25 mN/m The constrained stiffness of gating spring 

XES 0 nm The initial position of the myosin motor 

Fmax 90 pN The maximum of adaptation force 

F 0 External force 

N 50 Number of MET channels 

T 295.15 K Temperature 

kb 1.380649×10-23 J/K Boltzmann constant 

k1 0.1 V/m Parameter of memristor 

k2 0.02 s-1 Parameter of memristor 

α 0.02 S Parameter of magnetic flux-controlled memristor 

β 0.1 S/Wb2 Parameter of magnetic flux-controlled memristor 

3  Results 

3.1  Complex oscillations of hair bundles induced by memristor 

When γ = 0, the expression for the adaptation force Fa of the hair bundle degrades from Equation (5) 

to Equation (4). In this case, without memristor regulation, the trajectory of the hair bundle oscillations in 

the (Xa, X) phase plane is a definite circle which indicates the system's behavior is periodic limit cycle 

spiking oscillations, as shown in Fig. 2a. When γ > 0, the mechanical oscillations of the hair bundles are 

regulated by the memristor. When γ is small (γ = 0.005 pN/S), the memristor has a limited impact on the 

oscillations, only altering the position and shape of the oscillation trajectory in the phase space, while the 

system's behavior remains as limit cycle oscillations, as shown in Fig. 2b. 

As γ is further increased (γ = 0.0082 pN/S), the regulation by the memristor causes the oscillation 

trajectory to transition from a definite period cycle to infinite period cycles. This implies that the memristor 

induces chaotic oscillations, which may be related to complex auditory functions, as shown in Fig. 2c. 

When γ = 0.00945 pN/S, the trajectory becomes finite period cycle again. The trajectory manifests as two 

large circles and two small circles, indicating that the oscillation pattern transitions to period-4 bursting 

oscillations, as shown in Fig. 2d. When γ = 0.01063 pN/S, the oscillations manifest as another form of 

chaos, with higher regularity compared to Fig. 2c, implying that this is a weaker form of chaos, as shown in 

Fig. 2e. When γ = 0.0112 pN/S, the trajectory of the oscillation manifest as a large circle and a finite 

number of many small circles, indicating that the oscillations are characterized by bursting with numerous 

small spikes, as shown in Fig. 2f. As γ is further increased (γ = 0.0114 pN/S), the large circle disappears, 

and the trajectory becomes a small circle in the upper right corner of the phase plane, at which point the 

system exhibits small-amplitude periodic spiking, as shown in Fig. 2g. Ultimately, when γ = 0.0116 pN/S 
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the trajectory vanishes, manifesting as a single point in the phase plane, indicating that the oscillations of 

the hair bundle are suppressed by the memristor, and the system exhibits a quiescent state, as shown in Fig. 

2h. 
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Fig. 2 The schematic diagram of the mechanical movement of hair cell bundles regulated by memristors for S = 0.95 

and D = 70 nm. Trajectories of ciliary bundle motion regulated by memristors in the (X, Xa) phase space for different γ. 

(a) γ = 0; (b) γ = 0.005 pN/S; (c) γ = 0.0082 pN/S; (d) γ = 0.00945 pN/S; (e) γ = 0.01063 pN/S; (f) γ = 0.0112 pN/S; (g) γ = 

0.114 pN/S; (h) γ = 0.0116 pN/S 

3.2  The dynamical underlying the transitions of oscillation patterns regulated by memristor 

Furthermore, the dynamics of transitions in hair bundle oscillation patterns regulated by memristor are 

investigated through bifurcation and chaos analysis, as shown in Fig. 3. When γ is small, the system 

exhibits the coexistence of unstable equilibrium points (black dot curve) and the stable limit cycle (green 

solid curve), which corresponds to periodic spiking oscillations (corresponding to Figs. 2a and b), as shown 

in Fig. 3a. As γ increases, the stable limit cycle becomes unstable (blue dot curve) through a fold 

(saddle-node) bifurcation of limit cycle (Flc1), which implies that the oscillation patterns of the system 

become more complex, transitioning to bursting (corresponding to Figs. 2d and f) and chaotic 

(corresponding to Figs. 2c and e) oscillations. Subsequently, the unstable limit cycle becomes a small stable 

limit cycle (green curve) through another fold bifurcation of limit cycles (Flc2), which implies that the 

oscillation patterns become periodic spiking with small amplitude (corresponding to Fig. 2g). Finally, the 

small stable limit cycle collides with the unstable equilibrium points at the Hopf bifurcation point (HB) and 

disappears, resulting in stable equilibrium points (black solid curve), which means the system's behavior 

becomes quiescent states (corresponding to Fig. 2h). 
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Fig. 3 Bifurcation and chaos analysis of oscillations of hair bundles with respect to γ, for S = 0.95 and D = 70 nm. (a) 

Equilibrium points and limit cycle bifurcations; (b) Bifurcation diagram of Xmax; (c) Lyapunov exponent 

In addition, the bifurcation of the maximum oscillation values (Xmax) with γ further validates the 

transition dynamics of the oscillation patterns from another perspective, as shown in Fig. 3b. When γ is 

small, the oscillations exhibit a unique maximum value, indicating that the system displays periodic spiking 

oscillations. As γ increases, multiple Xmax values appear, indicating that the system transitions to bursting 

and chaotic oscillations. Subsequently, the system exhibits a single, smaller Xmax value, indicating a 

transition to small-amplitude spiking oscillations. Finally, the disappearance of Xmax signifies that the 

system has transitioned to a quiescent state. The variation of Xmax with γ is consistent with the bifurcation 

analysis and the changes in trajectories with γ. Moreover, the variation of the Lyapunov exponents with γ 

also supports the previously obtained transition dynamics, as shown in Fig.3c. The values of the maximum 

Lyapunov exponents (LE1) characterize the patterns of oscillation. When LE1 = 0, the system exhibits 

periodic oscillations. When LE1 > 0, the system exhibits chaotic oscillations. When LE1 < 0, the system 

exhibits quiescent state. That is, when the hair bundle exhibits oscillations, it displays periodic oscillations 

except for a few parameter intervals (such as near γ = 0.00882 and 0.01063) where chaos occurs. 

3.3  The impact of memristors on the intervals of oscillation parameters 

To further elucidate the impact of memristors on the mechanical oscillation behavior of hair bundles, 

this section explores how γ affects the parameter intervals of oscillation in the (S, D) parameter plane, with 

S and D being parameters of particular important in previous studies[13,14]. 
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Fig. 4 The impact of γ on the oscillation regions in the (S, D) two-parameter plane. The black solid curve represents 

the codimension-2 curve of the Hopf bifurcations. (a) γ = 0 pN/S; (b) γ = 0.001 pN/S; (c) γ = 0.005 pN/S; (d) γ = 0.01 

pN/S 

In (D, S) parameter plane, the codimension-2 Hopf bifurcation curve (black solid curve) delineates the 

boundary between oscillations (red region) and quiescent states (blue region), as shown in Fig. 4. As γ 

increases, the oscillation region gradually expands towards the upper right, indicating that for larger ranges 

of S and D, the action of the memristor with suitable strength can enhance the oscillations of the hair 

bundle. For smaller values of S and D (green point, for example, S = 0.95, D = 70 nm, corresponding to 

Figs. 2 and 3), as γ increases, the system gradually approaches the edge of the Hopf bifurcation, meaning 

the system will progressively transition to a quiescent state. An excessively strong memristor action can 

suppress the oscillations of the hair bundle.  

In addition, the codimension-2 Hopf bifurcation curves for different values of γ from Fig. 4 are plotted 

together in Fig. 5, and the colors, ranging from light to dark, represent the increase in γ. This more clearly 

illustrates the expansion of the oscillation region and its upward and rightward shift as γ increases. 

Interestingly, these codimension-2 curves are tangent near S = 0.86, D = 93 nm (indicated by the arrow), 

implying that at this parameter value, the memristor has no effect on the oscillations. This parameter 

insensitivity may reflect the stability of the auditory system under specific physiological conditions, 

ensuring that external electromagnetic interferences (such as noise or device interventions) do not affect the 

normal oscillations of the hair bundle, thereby maintaining the reliability of auditory perception. 
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Fig. 5 The distribution of the codimension-2 curve of Hopf bifurcations for γ = 0, 0.001, 0.005 and 0.01 pN/S 

4  Conclusion 

The hair bundle, as a receiver of sound signals, has mechanical oscillation modes that are crucial for 

auditory function, and memristors are highly promising components for neuromodulation. This study, for 

the first time, introduces memristors into the regulation of hair bundle mechanical oscillations. By 

constructing a dynamical model of hair bundles of auditory hair cell regulated by memristor, it reveals the 

dynamic regulatory effects of memristor coupling strength (γ) on oscillation patterns. As γ increases, the 

system successively exhibits periodic spiking, chaotic, bursting, another form of chaos, another form of 

bursting, and small-amplitude periodic oscillations, eventually entering quiescent state when γ ≥ 0.0116 

pN/S. Bifurcation and chaos analyses elucidate the transition dynamics of the oscillation patterns. 

Bifurcation analysis in the two-parameter plane (S, D) indicates that the rightward shift of the Hopf 

bifurcation curve suggests that increasing γ can expand the oscillation range of the hair bundle. However, 

an excessively strong γ can suppress the oscillations, revealing the threshold dependence of memristor 

regulation. Moreover, the codimension-2 curve of the Hopf bifurcation is tangent at the specific parameter 

combination (S = 0.86, D = 93 nm), implying that the electromagnetic regulation by the memristor is 

ineffective at this particular parameter set, and the hair bundle oscillations are insensitive to changes in γ. 

This finding highlights the robustness and critical characteristics of auditory hair bundle dynamics under 

specific parameter combinations. It must be clarified that in the model constructed in this paper, the 

influence of memristors on hair bundles has been somewhat simplified. Further biological experiments and 

model refinements are needed for validation, which are researched for future research. 

In summary, this study elucidates the mechanism of memristor-regulated auditory hair bundle 

oscillations from a dynamical perspective, providing the possibility for understanding the nonlinear 

characteristics of auditory function and developing novel neuromodulation technologies. 
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